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ABSTRACT
In this paper, we derive the post-Newtonian equations of the ideal Magnetohydrodynamics. To
do so, we use the modern approach to post-Newtonian theory, where the harmonic gauge is used
instead of the standard post-Newtonian gauge, and find the post-Newtonian metric in the presence
of the electromagnetic fields. We show that although the electric field does not contribute in the
metric and curvature of the spacetime, the magnetic field appears in the time-time component of the
metric. The appearance of the magnetic field, in principle, leads to new relativistic contributions to the
magnetohydrodynamic governing equations. Therefore, using the post-Newtonian metric, we find the
relativistic corrections to the magnetohydrodynamic equations up to the first post-Newtonian order.
In addition, as usage of this derivation, we obtain a complete set of equations by which the behavior
of a self-gravitating plasma can be determined in post-Newtonian gravity.
Keywords: gravitation, magnetohydrodynamics
1. INTRODUCTION
Astrophysical plasmas are often strongly magnetized,
and to study their physical properties the relativist
physics is required. In these systems, the magnetic
field can be so strong that the dynamical evolution is
dominated by electromagnetic fields. For example ob-
jects like Active Galactic Nuclei (AGN), Gamma Ray
Bursts (GRB) and neutron stars, especially a sub-class
called magnetars, are known as systems where strong
gravity and strong magnetic fields exist. For instance,
the energy density in magnetars can be comparable or
even larger than the kinetic energy. It is necessary
mentioning that magnetars endowed with the super-
strong magnetic field of 1014−1015G (Olausen & Kaspi
2014). It is believed that this strong magnetic field is
the key parameter behind explosive events in neutron
stars (Gourgouliatos & Esposito 2018).
Hydrodynamical instabilities like Kelvin-Helmholtz
and magneto-rotational instability are key processes
to produce such a strong magnetic field, for magneto-
rotational instability see Giacomazzo & Perna (2013).
Kelvin-Helmholtz instability occurs during the merger
of two neutron stars (as a binary system), in the shear
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layer between neutron stars, and increases the magnetic
field to 1017G (Price & Rosswog 2006).
We remind that in general relativity (GR), electro-
magnetic fields, like any other matter field, appear as
a source for the curvature of spacetime. Therefore, it
is natural to expect general relativistic effects associ-
ated with the strong electromagnetic fields in the above-
mentioned systems. In fact, the magnetic energy den-
sity, i.e., B2/2µ0, for B = 10
15G is 3.98 × 1027 Jm−3.
This energy density is equivalent to the rest mass en-
ergy density associated with a mass density of order
ρ ≃ 4.4 × 1010 kgm−3. This mass density even exceeds
the neutron stars density in the crust. Consequently, it
is obvious that in order to study such strongly magne-
tized systems in GR, it is necessary to take into ac-
count general relativistic effects associated with elec-
tromagnetic fields. In other words, we need general-
relativistic magnetohydrodynamics (GRMHD) to de-
scribe these systems.
Moreover, both the highly nonlinear nature of GR
field equations and coupling to an electromagnetic field
make it almost impossible and very complicated to
study systems under realistic conditions in an ana-
lytic way. Therefore, GRMHD simulations play a
crucial role to study these systems. There are sev-
eral codes solving these equations numerically (e.g., see
Giacomazzo & Rezzolla 2007 and Gammie et al. 2003).
Furthermore, in addition to the numerical ap-
proaches, there is a powerful method in the con-
2text of GR known as post-Newtonian (PN) theory
to solve GR equations approximately. This approach
adds general relativistic effects step by step in an it-
erative way. Historically, Einstein, Infeld, and Hoff-
mann first adopted this theory and then, in the
1960s, it was developed by Fock, Chandrasekhar,
and others (see Chandrasekhar 1965, 1967, 1969;
Chandrasekhar & Nutku 1969; Chandrasekhar & Esposito
1970). This method provides a useful tool to study
GR tests and more importantly the emission of grav-
itational waves. By utilizing this method, the ex-
perimental foundations of GR are investigated in
Thorne & Will (1971); Will (1971a,b). Also, the grav-
itational radiations from binary systems are studied in
Blanchet & Damour (1989); Blanchet & Scha¨fer (1989);
Blanchet et al. (1995). PN theory has been exploited
in the recent discovery of gravitational waves to inter-
pret the discovered signals, see Abbott et al. (2017).
As other applications of this method, we refer the
reader to tests of GR in the solar system (Will 1987,
1994) and the equation of motion of binary systems
(Hulse & Taylor 1975; Blandford & Teukolsky 1976;
Epstein 1977; Damour & Taylor 1991). This method
is also used to study the gravitational radiation re-
action (Chandrasekhar & Esposito 1970; Burke 1971;
Blanchet 2006), the PN effects in accretion disk mod-
els around BHs (Demianski & Ivanov 1997), the PN
dynamical instability of inspiraling neutron star (NS)
binaries (Lai & Wiseman 1996; Faber & Rasio 2000),
the relativistic effects on Jeans analysis (Nazari et al.
2017), and the PN corrections of Toomre criterion
(Kazemi et al. 2018). To survey the applications of
this approximation, we refer the reader to Will (2014).
It should be mentioned that unlike the PN version
of hydrodynamics which has been comprehensively de-
veloped to include higher PN corrections (for a review
on the subject see Blanchet 2014; Will 2014), unfortu-
nately, not much attention has been given to PN theory
in the presence of the electromagnetic field in the liter-
ature. To the best of our knowledge, there is only one
paper which studies this issue, i.e., Greenberg (1971).
Therefore the lack of comprehensive literature in post-
Newtonian magnetohydrodynamics (MHD) along with
the significance of the magnetic field in the astrophysical
systems, motivated us to revisit this issue. We remind
that magnetic field plays essential role in star formation,
relativistic jets, accretion disks and Type II supernova
explosions. Even complex phenomena in the surface of
the Sun are driven by magnetic fields. Therefore we be-
lieve that more attention to the effects of the magnetic
field in the relativistic situations is required when deal-
ing with semi-analytic methods like PN theory.
On the other hand, Greenberg (1971), as the only pa-
per in this field, uses the early version/classic approach
to obtain the relativistic corrections to MHD up to the
first PN order, hereafter 1PN . As we will briefly discuss
this approach in the following, there are some ambigui-
ties in this approach. In fact the current PN community
prefers the modern approach to the PN theory.
The classic approach is based on the standard formu-
lation of the Einstein field equations. This method was
first proposed by Chandrasekhar (1965) to find the PN
equations of hydrodynamics in GR. In this approach, PN
theory is framed in the standard gauge. This gauge has
been widely used in the older written works. In the clas-
sic method, there are some ambiguities in the integral
domain of the PN potentials with non-compact sources.
Consequently, we encounter divergent integrals. It is im-
portant to bear in mind that these ill-defined integrals
only are solved by imposing ad hoc choices and justifica-
tions for the solutions. Moreover, in this method, there
are some limitations which makes in inefficient for study-
ing high PN orders (Chandrasekhar & Esposito 1970).
From this perspective, it also seems necessary to revisit
the post-Newtonian MHD, and rewrite it in the context
of the modern approach.
On the other hand, in the modern approach, PN the-
ory is completely embedded within post-Minkowskian
(PM) theory in which the Landau-Lifshitz formulation
of the Einstein field equations is utilized and the har-
monic gauge is adopted. In this method, the PN metric
is restricted to the near-zone (we will introduce this zone
in the following section). It is worth mentioning that, al-
though the standard gauge was widely used in the older
PN literature, the current PN community prefers the
modern approach in which the harmonic gauge is fixed.
The first reason is that by using this method, PN theory
can be embedded in PM theory. In fact, the domain of
the PN integrals automatically is restricted during the
calculations in PM theory. So, one can see that the am-
biguities of the ill-defined gravitational potentials are
naturally resolved in the modern approach and conse-
quently PN theory is based on a safe foundation. The
second reason is that at higher PN orders, where the
boundary conditions are important and the PN poten-
tials with non-compact sources play essential roles, the
modern approach is more successful. For a thorough
review of the advantages of the modern approach com-
pared to the classic approach, we refer the interested
reader to Poisson & Will (2014).
Therefore, in this paper, we focus our attention on
the modern approach, and by utilizing this method, we
obtain the metric of weakly curved spacetime within a
PN charged system. Then, by using this PN metric,
3we construct the secure foundations of MHD in 1PN or-
der. In other words, we revisit the analysis presented
in Greenberg (1971), and present a different analysis.
First of all, we use the modern approach instead of the
classic one. In this case, we derive the reliable MHD
equations and the components of the spacetime metric
in 1PN approximation. More especially, we introduce a
safe PN potential which is carefully constructed from
the magnetic field as a source term extending over all
space. We explicitly show that this potential is not di-
vergent and does not suffer from the ambiguities in the
classic approach presented in Greenberg (1971). Sec-
ondly, as the main advantage and final goal of this study,
the self-gravitating plasma is studied in the (PN) MHD
regime. In other words, we extract the MHD equations
determining the behavior of PN plasma. We show that
these equations are the minimum possible number of re-
lations by which one can completely describe plasma in
PN gravity.
It is worth mentioning that, using the results pre-
sented in this paper, one can easily follow the footprint
of the retarded effects, especially those directly related
to the relativistic effects of electromagnetic fields, in the
PN metric. This fact would be more clear at higher PN
orders where the retarded solutions, i.e., wave-zone po-
tentials, have more contributions in the PN metric. In
this case, this paper can be considered as the first step
toward finding the higher order corrections.
This paper is organized as follows. We begin in Sec.
2 by obtaining the PN metric of the spacetime within
the MHD fluid. In this section, the modern approach in-
cluding the harmonic gauge is introduced. In Sec. 3, we
derive the relativistic generalization of the MHD equa-
tions in PN gravity, i.e., the PN continuity equation of
the mass density, the PN Maxwell equations, and the
PN Euler equation. In Sec. 4, by utilizing these PN
equations as well as the PN expansion of Ohm’s law,
we introduce the PN version of equations. Using these
equations, one can completely determine the behavior
of the self-gravitating plasma in PN gravity. Finally, in
Sec. 5, our results are discussed.
2. POST-NEWTONIAN METRIC IN THE
PRESENCE OF THE ELECTROMAGNETIC
FIELDS
In this section, we obtain the metric of a weakly curved
spacetime within a quasi-neutral, collisional fluid. By
quasi-neutral fluid, we mean that the system is not com-
pletely neutral, and one cannot totally ignore the elec-
tromagnetic fields and their associated effects. On the
other hand, we assume that the system lies in the PN
limit. In this case, velocities in the system are relatively
small compared to the velocity of light (slow motion con-
dition), and the gravitational fields are weak enough to
ignore higher order PN effects. In other words, we re-
strict ourselves to 1PN approximation. In fact, in order to
have a realistic description of the relevant astrophysical
systems, we assume that the above mentioned charged
matter distribution is a gravitationally bound system.
Therefore, in addition to the weak field limit, the slow
motion condition as a result of which all speeds within
the matter distribution are much smaller than the speed
of light, is also established. It is also necessary to as-
sume that the electromagnetic fields are strong enough
to appear in the metric of the spacetime, but are weak
enough to retain the system in the PN regime. On the
other hand, to describe stronger fields, naturally, one
needs to increase the accuracy of the approximation by
taking into account higher order PN contributions.
In this study, we restrict ourselves to 1PN approxima-
tion and employ the ideal MHD assumption to describe
the collisional fluid in the modern approach. In subsec-
tion 2.1, we briefly review the Landau-Lifshitz formu-
lation of the Einstein field equations, and assemble the
main variables and formulas that are required to formu-
late the modern PN approximation. We also present the
first and second iterations in subsection 2.2. In subsec-
tion 2.3, the PN metric of the MHD system is derived.
Finally, the PN geodesic equation is introduced in sub-
section 2.4.
2.1. Assembling the variables and formulas
We assume that the reader is familiar with the con-
tent of the modern approach. So, here, we quite briefly
review the essential ingredients of this method. In the
following when we need necessary and basic equations in
modern approach, we refer to the corresponding equa-
tions in Poisson & Will (2014), and avoid duplication.
In the Landau-Lifshitz formulation, an important tool
is the gravitational potential tensor hαβ = ηαβ − gαβ ,
where ηαβ = diag(−1, 1, 1, 1) is the Minkowski metric
and gαβ =
√−ggαβ is the metric tensor density, which
is built from the metric tensor gαβ and its determinant
g. Here, the Greek indices denote the four spacetime
variables and run over the values 0, 1, 2, 3. In this con-
text, as we know, the appearance of the field equations
of GR is as follows
✷hαβ = −16πG
c4
ταβ (1)
where ✷ = ηαβ∂αβ is the flat-spacetime wave operator
and ταβ = (−g)(Tαβ+ tαβLL+ tαβH ) is the effective energy-
momentum pseudotensor built from the total energy-
momentum tensor of the charged matter distribution
4Tαβ, the Landau-Lifshitz pseudotensor (−g)tαβLL, and the
harmonic-gauge pseudotensor (−g)tαβH 1.
The retarded solution to the equation (1) is given by
hαβ (t,x) =
4G
c4
∫
ταβ (t− |x− x′|/c,x′)
|x− x′| d
3
x
′ (2)
where x′ is the source-point position, and x is the field-
point position. The domain of this integration is ex-
tended over the past light cone of the field point. This
light cone is decomposed into near-zone and wave-zone
contributions by an arbitrary radius,R, which is smaller
than the characteristic wavelength of the gravitational
radiation, λc, emitted by the matter distribution. As
previously mentioned, PN theory is an approximate
method within the near-zone (i.e., when |x| < R) and
works in a system where weak-field gravity and slow-
motion condition are established. Therefore, we should
only evaluate the gravitational potentials in which x lies
in the near-zone. In this case, however, the source point
x′ can be located at both near and wave-zones (i.e.,
|x′| < R and |x′| > R respectively). So one can par-
ticularly decompose the domain of the integration (2)
into near-zone and wave-zone pieces and rewrite this
equation as hαβ = hαβN + h
αβ
W , where h
αβ
N and h
αβ
W are
the near-zone and the wave-zone portions of the light-
cone integral of equation (2), respectively. The complete
form of these contributions is introduced in chapter 7 of
Poisson & Will (2014).
Throughout this paper, we assume that the matter
distribution has a perfect fluid component. So for this
component we have
Tαβfluid =
(
ρ+
ǫ
c2
+
p
c2
)
uαuβ + pgαβ (3)
where ρ is the proper mass density, ǫ is the proper inter-
nal energy density, and p is the pressure. Also, uα is the
velocity field expressed as uα = γ (c,v) in which v is the
fluid’s velocity field and the factor γ is equal to u0/c. In
this method, the rescaled mass density, ρ∗ =
√−gγρ,
and the internal energy per unit mass, Π = ǫ/ρ∗, are
introduced as two important matter variables in the PN
theory.
Because there is an electromagnetic field in our sys-
tem and this field can carry energy and momentum, the
total energy-momentum tensor also includes the field’s
contribution Tαβfield. Therefore T
αβ = Tαβfluid + T
αβ
field, in
which
Tαβfield =
1
µ0
(
FαµF βµ −
1
4
gαβFµνF
µν
)
(4)
1 The exact version of tαβ
LL
and tαβ
H
is presented in equations
(6.5) and (6.53) in Poisson & Will (2014).
includes the electromagnetic field tensor Fαβ and the
vacuum permeability µ0. In the laboratory frame, the
components of Fαβ are known as
F 0j = c−1Ej , F ij = ǫijkBk (5)
where ǫijk is the permutation symbol, Ej is the electric
field, Bj is the magnetic field, and the Latin indices run
over the values x, y, and z. Indices on Fαβ are lowered
by the metric gαβ . Here, the electric field is imagined to
be of the same order of magnitude as the magnetic field.
In this method, ταβ is conserved when the harmonic
gauge condition, i.e., ∂βh
αβ = 0, is satisfied. So we have
∂βτ
αβ = 0 (6)
Equations (1) and (6) are the main expressions in this
framework.
As we know, the general form of the components of
the PN metric in terms of hαβ in 1PN context, where we
need g00 to order c
−4, g0j to order c
−3, and gjk to order
c−2, can be written as
g00=−1 + 1
2
h00 − 3
8
(
h00
)2
+
1
2
hkk +O(c−6) (7)
g0j =−h0j +O(c−5) (8)
gjk= δjk
(
1 +
1
2
h00
)
+O(c−4) (9)
(−g)=1 + h00 +O(c−4) (10)
where δjk is the Kronecker delta. To evaluate the com-
plete contribution of the potential components in the 1PN
correction of the metric, we actually have to carry out
two iterations of the wave equation (1). We do this in the
subsequent subsections where the nth numerical index
of the potentials expresses the nth iteration of the wave
equation. In this iteration, the source term is ταβn−1 which
is constructed in the (n− 1)th iteration. It should be
also noted that the gauge condition/conservation state-
ment is enforced in the second step of the iterative pro-
cedure. In the following derivation, we drop the calcula-
tion related to the fluid contribution and only introduce
the field part. For the fluid contribution one can find a
detailed description in Poisson & Will (2014).
2.2. First and second iterations
In the first iteration, our final goal is to construct
gαβ1 from h
αβ
1 . To do so, we should derive the source
term of equation (2), i.e., ταβ0 , in terms of g
αβ
0 . Insert-
ing hαβ0 = 0 within equations (7)-(9), we obtain that
gαβ0 = η
αβ . Consequently, one can easily show that the
Landau-Lifshitz and harmonic pseudotensors vanish. So
we see that ταβ0 = T
αβ
0 ; and to obtain the source term,
we need only know two pieces of Tαβ0 , i.e., T
αβ
0 fluid and
5Tαβ0 field. By using equations (3) and (4), and replacing
gαβ by ηαβ in them, one can easily obtain the com-
ponents of Tαβ0 fluid and T
αβ
0 field in the Minkowski space-
time, respectively. On the other hand, as we shall see in
the following, in the second iteration of the field equa-
tions, we need only calculate h001 to order c
−2 and h0j1
to order c−3 and also discard hjk1 . This issue and the
appearance of the equation (2) remind us that the suf-
ficient orders for the time-time, time-space, and space-
space components of Tαβ0 are O(c
2), O(c), and O(1), re-
spectively. One can see that the electromagnetic fields
do not appear in this order and have no contribution
to the total energy-momentum tensor in the first step.
And because the only non-zero source term of hαβ1W ,
i.e., Tαβ0 field, have no portion in this order of the energy-
momentum tensor, the effect of hαβ1W on h
αβ
1 is negligi-
ble and hαβ1 = h
αβ
1N . In fact, each component of h
αβ
1 is
only constructed from Tαβ0 fluid. So, we recover equations
(7.37a)-(7.37c) of Poisson & Will (2014) for the compo-
nents of hαβ1 and consequently equations (7.41a)-(7.41c)
for the components of the metric in this step.
Our most important task at the second stage of the it-
erative procedure, as in the previous step, is to construct
the source term of equation (2) from the equations de-
rived in the previous iteration. As we know, the required
degree of accuracy to τ001 , τ
0j
1 , and τ
jk
1 is O(1), O(c), and
O(1), respectively. With this in mind, the terms which
do not survive at 1PN approximation will be truncated,
and therefore we will avoid additional calculations.
The fluid contribution of the effective energy-momentum
pseudotensor is similar to the single component perfect-
fluid version introduced in section 7.3.1 of Poisson & Will
(2014). Therefore, we skip this part and focus our at-
tention on the electromagnetic field contribution.
To find this contribution to the effective energy-
momentum pseudotensor, i.e., (−g1)Tαβ1 field, we first
calculate the covariant components of Fαβ1 by using
g1αβ and definition (5). Then we substitute them within
(4). After truncating the result to the required order,
we finally arrive at
c−2(−g1)T 001 field =
1
c2
B2
2µ0
+O(c−4) (11)
c−1(−g1)T 0j1 field = O(c−2) (12)
(−g1)T jk1 field =
B2
2µ0
δjk − B
jBk
µ0
+O(c−2) (13)
in which (−g1) = 1 + 4U/c2 + O(c−4) is the metric de-
terminant, B2/2µ0 is the energy density of the magnetic
field, ǫM , and B
2 = B.B. Also, equation (13) is rem-
iniscent of the Maxwell stress tensor when there is no
electric field in the system.
These equations tell us that the electromagnetic fields
can play a significant role at this stage. More specifi-
cally, we straightforwardly see that the magnetic field
appears in the gravitational field equations. On the
other hand, there is no contribution from the electric
field. This means that at the first PN limit, the electric
field does not influence the curvature of spacetime. We
postpone this very important discussion until subsection
2.3, where we define the near-zone metric of the charged
fluid in PN gravity.
To complete ταβ1 , we need to calculate (−g1) tαβ1LL and
(−g1) tαβ1H. As we know, these pseudotensors are con-
structed from hαβ1 . Moreover, as we explained in the
first iteration, the electromagnetic fields do not appear
in the components of hαβ1 . Therefore, t
αβ
1LL and t
αβ
1H turn
out to be similar to the perfect-fluid ones, see chapter
7 in Poisson & Will (2014). It should be noted that,
similar to the perfect-fluid system, the harmonic contri-
bution has no effect on ταβ1 , and can be discarded at this
stage.
Now, we collect all contributions, i.e., Tαβ1 fluid, T
αβ
1 field,
and tαβ1 LL, to obtain the PN expansion of the effec-
tive energy-momentum pseudotensor. Consequently,
the source terms of the wave equation (1) or equiva-
lently the integrands in (2), take the following forms.
τ001
c2
=ρ∗ +
1
c2
[
ρ∗
(v2
2
− U
2
+ Π
)
+
B2
2µ0
(14)
− 7
16πG
∇2U2
]
+O(c−4)
τ0j1
c
=ρ∗vj +O(c−2) (15)
τ jk1 =ρ
∗
(
vjvk − 1
2
Uδjk
)
+
B2
2µ0
δjk − B
jBk
µ0
+ p δjk
− 1
16πG
δjk∇2U2 + 1
4πG
∂jU∂kU +O(c−2) (16)
where ρ∗ = ρ
(
1 + v2/2c2 + 3U/c2
)
, and U is the New-
tonian gravitational potential defined in terms of ρ∗.
Equations (14)-(16) are our final results for the energy-
momentum pseudotensor in the presence of the electro-
magnetic fields computed in the first PN approximation.
Now we are ready to find the corresponding spacetime
metric.
2.3. Near-zone metric
In this subsection, we first evaluate the components
of the second-iterated gravitational potentials hαβ2 (x)
in which x is in the near-zone. In fact, they will be
the basis of the near-zone metric in the second itera-
tion. Finally, we obtain the PN metric. To do so, let
6us focus on the near-zone portion of the second-iterated
potentials, hαβ2N . At this stage, as we know, to derive
the correct gravitational potentials, we need to use the
gauge condition. On the other words, hαβ2 must satisfy
both equations (1) and (6). Therefore, here, we ap-
ply equations (7.15a)-(7.15c) in Poisson & Will (2014)
(in which ∂βτ
αβ = 0 has been used) for deriving the
components of hαβ2N . After substituting equations (14)-
(16) into them, we recover equations (7.78a) and (7.78b)
in Poisson & Will (2014) which contain an extra term
4B/c4 related to the magnetic field, for the potentials
h002N and h
kk
2N , respectively. Also, because the magnetic
field has no contribution in the required order of τ0j1 , we
can use equation (7.79) for h0j2N .
The new potential B is defined as
B (t,x) = G
∫
1
2µ0
B′2
|x− x′|d
3x′ (17)
which is generated by the energy density of the magnetic
field ǫM at time t and position x
′. Similar to the defini-
tions of the other PN potentials in the modern approach,
the domain of this integrate is the three-dimensional
surface M that is confined to the volume occupied by
the charged matter distribution. In fact, this equation
can be thought of as a gravitational potential which its
source term is the “mass” of the magnetic field. We
henceforth refer to it as the gravitomagnetic potential.
Before obtaining the near-zone metric, let us briefly
consider one of the advantages of the modern approach
as mentioned in Sec. 1. As seen from this integration,
it has non-compact piece which can manifestly extend
over all space (i.e., the source term of the integral B).
Therefore, it seems that this potential is ill-defined and
this integral eventually diverges. On the other hand, as
we mentioned before, the domain of this integral is re-
stricted to M in the modern approach. Consequently,
the ambiguity in the definition of this type of poten-
tials is eliminated and it is not divergent in this method.
While in the classic approach, the domain of the inte-
gration is not clearly specified and this potential has an
ambiguous solution. In fact, we are motivated by this
advantage to utilize the modern approach as a result of
which the gravitomagnetic potential is not ill-defined.
It is necessary to recall that, to complete the second-
iterated potentials, we also have to calculate the wave-
zone contributions to hαβ2 . In our system, in this step,
hαβ2W is built from both T
αβ
1 field and t
αβ
1LL which are non-
compact sources and can undoubtedly exist beyond the
near-zone. Here, by using a crude estimation method,
we show that this contribution to the potentials is negli-
gible. Hence, this part of the potentials has no effect on
the required order in the 1PN context, and we are allowed
to ignore hαβ2W . Applying the source term (−g1)tαβ1 LL
constructed from hαβ1 in which the field point x is within
the wave-zone, one can crudely estimate that this part of
hαβ2W is of order c
−8. To see the complete calculation of
this estimate, we refer to Poisson & Will (2014). Here,
we estimate the contribution arising from the existence
of the magnetic field. More specifically, we estimate
the least degree of accuracy of hαβ2W built from T
αβ
1 field.
To do so, let us focus on the time-time component of
(−g1)Tαβ1 field which is equal to ǫM = B2/2µ0. It is im-
portant mentioning that the source functions inserted in
the wave-zone integral (6.107) in Poisson & Will (2014)
should have the specific form shown in equation (6.98).
As an example of a magnetic field with such a form,
we examine a simple case where a moving point charge
generates a magnetic field. In this case, we assume that
the charge and current densities are given by ρe(x, t) =
qδ(x− r0(t)) and Je(x, t) = ρev(t) respectively. Where
v is the velocity of the charge q and r0(t) is its position
at time t. The well-known expression for the magnetic
field created by this source is (Jackson 2007)
B =
µ0q
4 π
{
v(τ)× Rˆ
κ2R2
+
1
cR
∂
∂t
[
v(τ) × Rˆ
κ
]}
(18)
where τ = t−R/c is the retarded time, R = |x− r0(τ)|
is the distance from the position of the point charge to
the field point, and Rˆ = (x− r0(τ))/R is a unit vector.
Also κ = 1− v(τ) · Rˆ/c is a retarded factor.
As we know, this is the retarded solution for the mag-
netic field of a moving point charge. Here, we assume
that point charge is deeply within the near-zone, i.e.,
r0(τ)≪R. And because R is situated within the wave-
zone, we find that R ≃ |x| = r. Applying this assump-
tion into equation (18) and after ignoring all numerical
and angle-dependent factors, we obtain that the leading
terms of (−g1)T 001 field are given by
µ0q
2
(v2(τ)
r4
+
2 v(τ)v˙(τ)
c r3
+
v˙2(τ)
c2r2
+ . . .
)
(19)
where an overdot displays differentiation with respect to
τ and the ellipsis indicates higher order terms. We can
see that above terms have the form of equation (6.98) in
which n = 4 with f(τ) = µ0q
2 v2(τ), n = 3 with f(τ) =
µ0q
2 v(τ)v˙(τ)/c, and n = 2 with f(τ) = µ0q
2v˙2(τ)/c2.
If these expressions are substituted into the dominant
term of equation (6.109), we find that h002W built from
T 001 field is of order c
−6. By the same method, it can be
shown that the time-space and space-space components
of this part of the wave-zone potentials are of orders c−5
and c−6, respectively. Therefore, they explicitly play a
role in the high order of PN expansion and have no effect
7on hαβ2 at 1PN order. Consequently, we conclude that
hαβ2 = h
αβ
2N .
We are now in a position to construct the PN metric.
By substituting the components of hαβ2N which are intro-
duced before, into (7)-(10) and keeping terms up to the
required order, i.e., g00 to order c
−4, g0j to order c
−3,
and gjk to order c
−2, we find the following near-zone
metric
g200 = −1 +
2
c2
U +
2
c4
[
Ψ+ 2B − U2]+O(c−6)(20)
g20j = −
4
c3
U j +O(c−5) (21)
g2jk = δ
jk(1 +
2
c2
U) +O(c−4) (22)
(−g2) = 1 + 4
c2
U +O(c−4) (23)
in which Ψ = ψ + ∂ttX/2 . Quantities ψ, X , and U are
the well-known potentials in PN gravity, see chapter 7
of Poisson & Will (2014) for more details. This is the
spacetime metric of a charged system in PN gravity. In
fact, it can approximately describe the true spacetime
metric in the presence of the electromagnetic field to
1PN order, while x is situated within the near-zone. It
should be recalled that this metric is made up of the
potentials which are generated by the fluid and field
variables. Therefore, as expected, by ignoring the grav-
itomagnetic potential, i.e., discarding the field variable,
the spacetime metric of the PN fluid in the harmonic
gauge is recovered.
Now, to grasp the significant role of the magnetic
field in the PN approximation, we incorporate 2B
within the definition of potential ψ, equation (7.73a)
in Poisson & Will (2014), where the pressure and inter-
nal energy of the fluid appear as source terms. So we
define a new potential ψM instead of ψ as follows
ψM (t,x) = G
∫
ρ∗′
(
3
2
v′2 − U ′ +Π′eff
)
+ 3p′eff
|x− x′| d
3x′(24)
in which Πeff = Π+ΠM and peff = p+pM are the effective
internal energy and pressure respectively. Furthermore,
ΠM is defined as the magnetic energy density per unit
mass of the fluid, i.e., ΠM = ǫM/ρ
∗, and pM = ǫM/3 is
the magnetic pressure.
This relation is reminiscent of the equation of state of
radiation. We see that the quantities ΠM and pM are
added to the internal energy and pressure of the fluid
in equation (24), respectively. Therefore, one can con-
clude that in a charged system in the presence of the
electromagnetic field, the pressure and internal energy
should be modified to include the electromagnetic field
contribution. In fact, this modification in the potential
ψ is the main role of the electromagnetic field in the PN
metric. Furthermore, as we already mentioned, only
the magnetic field appears in the gravitational poten-
tials and consequently in the metric of spacetime. This
happens because the ratio of the electric energy density
ǫ0E
2/2 to the magnetic energy density B2/2µ0 is of or-
der c−2. Therefore, naturally, the electric field has no
effect on the total p and Π at 1PN context. This fact
illustrates that in addition to the usual internal energy
and pressure of the fluid, the geometry of the spacetime
depends on quantities related to the magnetic field in
the first PN approximation.
It is also instructive to collect the small parameters by
which we can characterize this PN system. As we know,
the PN approximation is based on the usual conditions
in which
v2
c2
∼ U
c2
∼ p
ρ∗c2
∼ Π
c2
≪ 1 (25)
Generalizing these assumptions for our PN system deal-
ing with the magnetic field, we have
B
c2
∼ pM
ρ∗c2
∼ ΠM
c2
≪ 1 (26)
This set of parameters mathematically indicates that
the magnetic field should be weak to have a meaningful
PN expansion for our system. These two sets of pa-
rameters characterize the charged PN fluid in the pres-
ence of the magnetic field. It is worth mentioning that
conditions (26) directly mean that the magnetic energy
density should be very small compared to the mass en-
ergy density, i.e., ǫM ≪ ρ∗c2. Equivalently, a neces-
sary condition for the charged fluid to lie in the first PN
regime is that the magnetic field satisfies the condition
B ≪ c√2µ0ρ∗ everywhere throughout the fluid. This
also means that the Alfve`n velocity, i.e., vA = B/
√
µ0ρ∗,
is small compared to the velocity of light.
2.4. Post-Newtonian geodesic equation
In this subsection, we introduce the PN geodesic equa-
tion in the presence of the electromagnetic fields. In fact,
here, we study the impact of the electromagnetic fields
on the geodesic equation of an uncharged particle which
is freely falling under PN gravity. We have shown in
the previous subsection that even in 1PN approximation,
the PN metric depends on the magnetic variables (i.e.,
pM and ΠM). Then the magnetic field has some gravi-
tational effects in PN gravity that will be elegantly seen
in the PN geodesic equation.
8By using equations (20)-(22) and corresponding
Christoffel symbols2, one can easily obtain
dvj
dt
= ∂jU +
1
c2
[
(v2 − 4U)∂jU − (4vk∂kU + 3∂tU)vj
−4vk (∂jUk − ∂kUj) + 4∂tUj + ∂jΨM
]
+O(c−4) (27)
where ΨM = ψM + ∂ttX/2. This is the PN version of
the world line of an uncharged massive particle slowly
moving in the presence of the electromagnetic field. This
equation easily disentangles the gravitational effects of
the electromagnetic fields from the pure electromagnetic
forces. Obviously, in the absence of an electromagnetic
field, the last term on the right-hand side of equation
(27) coincides with Ψ, and the usual geodesic equation
in PN theory is recovered. And also by dropping the
terms of order c−2, as expected, one can find the path
of a free particle in Newtonian gravity.
3. MAGNETOHYDRODYNAMICS IN
POST-NEWTONIAN GRAVITY
In this section, our main goal is to determine the PN
version of Euler’s equation given by the spatial compo-
nent of ∇βTαβ = 0, and also the continuity equation.
Furthermore, we find the PN version of Maxwell’s equa-
tions. To find Euler’s equation, we first construct each
component of the total energy-momentum tensor from
the PN metric to the required degree of accuracy. In the
subsection 3.3, we will see that to derive Euler’s equation
to 1PN order, we just need to know the correction terms
of O(1), O(c−1), and O(c−2) for T 00, T 0j, and T jk re-
spectively. For obtaining the components of Tαβ, let us
build the covariant components of the electromagnetic
field tensor from the PN metric as follows
F0i=−E
i
c
+
4
c3
(U ×B)i +O(c−5) (28)
Fij = ǫijkB
k
(
1 +
4U
c2
)
+O(c−4) (29)
Now, by inserting equations (20)-(22) and (28)-(29)
within (3) and (4), and after combining the fluid and
field contributions, we can obtain the components of
2 We should note that in the first PN limit, except for Γj
00
,
the magnetic field contribution does not appear in the other com-
ponents of the Christoffel symbol. In Γj
00
, ψ is replaced with
ψM. To see these components, we refer the reader to chapter 8 in
Poisson & Will (2014)
Tαβ as follows
T 00= c2ρ∗
[
1 +
1
c2
(v2
2
− U +Π
)]
+
B2
2µ0
+O(c−2)(30)
T 0j= cρ∗vj
[
1 +
1
c2
(v2
2
− U +Π+ p
ρ∗
)]
(31)
+
1
µ0c
(E ×B)j +O(c−3)
T jk=ρ∗vjvk
[
1 +
1
c2
(v2
2
− U +Π+ p
ρ∗
)]
(32)
+p
(
1− 2U
c2
)
δjk − 1
µ0c2
[
EjEk − 1
2
E2δjk
]
− 1
µ0
[
BjBk − 1
2
B2δjk
](
1 +
2U
c2
)
+O(c−4)
where (E ×B)j /µ0 is the j-component of the Poynting
vector that measures the flux of electromagnetic energy.
We next calculate the PN expansion of the continuity
equation for the mass density ρ∗ and the PN Maxwell
equations in subsections 3.1 and 3.2, respectively. And
finally, by using these equations, we simplify the PN
Euler equation in subsection 3.3.
3.1. Post-Newtonian mass conservation
Here, we briefly introduce the conservation of the mass
density in PN gravity. Mathematically, the conservation
of the mass density expresses that ∇µ (ρuµ) = 0. One
can see that the magnetic field contribution does not
appear in this relation. Therefore, the PN continuity
equation of the mass density ρ∗ is recovered. So, we
have
dρ∗
dt
= −ρ∗∇ · v (33)
in which d/dt = ∂/∂t+v·∇. In Newtonian gravity where
there is no difference between ρ∗ and ρ, this relation
reduces to the standard form of the continuity equation.
3.2. Post-Newtonian Maxwell’s equations
To complete the governing equations describing the
PN charged fluid, we must derive the PN version of
Maxwell’s equations. To do so, let us start with the
covariant form of Maxwell’s equations
∇αFβγ +∇γFαβ +∇βFγα = 0 (34)
∇βFαβ = µ0Jαe (35)
where Jαe = (ρec,Je) is the four-current density in which
ρe is the charge density and Je is the three-current den-
sity of the fluid. Both quantities are measured in the
laboratory frame.
9We first focus on the homogeneous Maxwell equations.
As we know, equation (34) can be rewritten as ∂αFβγ +
∂γFαβ + ∂βFγα = 0. By setting α = i, β = j, and γ = k
and substituting equation (29) into this relation, we get
∇ ·B = − 4
c2
∇U ·B +O(c−4) (36)
after expanding and keeping terms up to order c−2. As
seen from this equation, ∇ ·B 6= 0 in PN gravity. How-
ever, it should be noted that the “∇” operator in this
equation coincides with that of flat spacetime. There-
fore, equation (36) does not mean that there is magnetic
monopole in the PN limit. In fact, it must be thought of
as an unrealistic result of the choice of the flat-spacetime
derivative operator in the weakly curved spacetime.
So, completely similar to what we did for matter den-
sity ρ∗ to satisfy the convenient form of the continu-
ity equation, we define a rescaled magnetic field B∗ in
terms of B and U to hold the divergence-free form for
the magnetic field. The result is
B
∗ = B
(
1 +
4U
c2
)
(37)
for which we have
∇ ·B∗ = 0 (38)
This is one of the Maxwell equations in PN theory. If
we set α = i, β = j, and γ = 0 and then insert equa-
tions (28), (29), and (37) into the homogeneous Maxwell
equation, we find
∂B∗
∂t
=−∇×E + 4
c2
{
∇× (U ×B∗)
}
+O(c−4)(39)
This is Faraday’s induction equation in PN gravity.
As can be seen clearly, by discarding the PN corrections,
the standard form of Faraday’s induction equation, i.e.,
∂B/∂t = −∇×E, is recovered.
Here, we return to the inhomogeneous Maxwell equa-
tions, i.e., equation (35), and calculate the PN expansion
of these equations. One may easily rewrite equation (35)
as follows
∂β
(√−gFαβ) = √−gµ0Jαe (40)
This equation simplifies to
∇ ·E = ρ
∗
e
ǫ0
− 2
c2
{ 1
ǫ0
ρ∗eU +∇U ·E
}
+O(c−4) (41)
when we put α = 0 and apply equations (5) and (23). ǫ0
is the dielectric constant and ρ∗e =
√−gρe is a rescaled
charge density. At 1PN order, this quantity is given by
ρ∗e = ρe
(
1 +
2U
c2
)
+O(c−4) (42)
In fact, equation (41) is the divergence equation of E
in PN gravity. On the other words, this is the PN version
of the Gauss’s law to O(c−2). It is worth mentioning
that equation (41) can be represented in the traditional
form by introducing a rescaled electric field E∗. This
field has the following form
E
∗ = E
(
1 +
2U
c2
)
(43)
by which we rewrite the PN divergence equation of E in
terms of E∗. Finally, in the PN framework, we obtain
∇ ·E∗ = ρ
∗
e
ǫ0
(44)
as the divergence equation of E∗ in the flat-spacetime
formulation. To find the last Maxwell equation, we need
to study the spatial component of relation (40). In this
case, after some manipulation, we obtain
∇×B∗=µ0J∗e +
1
c2
{∂E
∂t
+ 2µ0UJ
∗
e
+2∇U ×B∗
}
+O(c−4) (45)
where J∗e =
√−gJe is a rescaled three-current density.
Equation (45) is the PN version of Ampere’s law. By
discarding the gravitational fields, all of them are PN
corrections, the standard form of Ampere’s law with the
displacement current, ∂E/∂tc2, is recovered. It should
be noted that the displacement current due to the time-
dependent field E is of the same order of magnitude
as the other PN corrections and, in principle, one may
ignore it in the classical MHD regime where the electric
field varies very slowly with time.
In fact, the PN Maxwell equations introduced above
state what electromagnetic fields are generated by the
PN charged fluid. It is also instructive to investigate the
electromagnetic field equations by adopting the Lorenz
gauge.
Here, we study electromagnetism in this gauge and in-
troduce the corresponding wave equations in PN theory.
To do so, let us rewrite the electromagnetic field tensor
Fαβ as Fαβ = ∇αAβ − ∇βAα, where Aα =
(
φ
c
,A
)
is
the four-potential in which φ is the electrostatic poten-
tial; and A is the vector potential. In the following,
we write the electric and magnetic fields in terms of
φ and A. Inserting this definition into equation (35)
and adopting the covariant form of the Lorenz gauge,
i.e., ∇αAα = 0, the inhomogeneous Maxwell equations
take the simple form ✷gA
α − RαβAβ = −µ0Jαe 3, where
3 For more detailed discussions on the derivation of this relation,
we refer the reader to subsection 5.3.3 of Poisson & Will (2014).
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✷g = g
αβ∇α∇β = ∇β∇β is the wave operator in the
curved spacetime and Rαβ is the Ricci tensor. As we
know, this is the curved-spacetime version of the elec-
tromagnetic wave equations in the Lorenz gauge. One
can rewrite this equation as follows
gβγ
[
∂β∂γA
α + ∂βΓ
α
ηγA
η + Γαηγ∂βA
η + Γαηβ
(
∂γA
η
+ΓηλγA
λ
)− Γηγβ(∂ηAα + ΓαληAλ)] (46)
−gαγRγβAβ = −µ0Jαe
By inserting the PN expansion of the Ricci tensor4 and
the Christoffel symbols, and Setting α = 0 into equation
(46), we arrive at
✷φ+
2
c2
{
∇ · (∂tUA)−∇2 (Uφ) +∇U · ∂tA
+∇ (∇ ·U) ·A+ 2∇2U ·A−∇U · ∇φ
+2 (∂jUk + ∂kUj) ∂jA
k
}
= −ρe
ǫ0
(47)
after expanding the solution up to O(c−2) and some sim-
plifications. In fact, this relation is the PN wave equa-
tion of φ in a weakly curved spacetime. It should be
recalled that ✷ = ηαβ∂αβ is the flat-spacetime wave op-
erator. Similarly, by putting α = j, the vector part of
equation (46) takes the following form
✷A+
2
c2
{
∇2UA− U∇2A+ (∇U · ∇)A+∇A · ∇U
−∇U (∇ ·A)
}
= −µ0Je (48)
This is the PN version of the wave equation of the vec-
tor potential A expanded to 1PN order. Equations (47)
and (48) are the PN version of the electromagnetic wave
equations under the Lorentz gauge.
We have not yet found the electric and magnetic fields
in terms of φ and A. To do so, let us return to the def-
inition of the electromagnetic field tensor and use the
simplified form of it as Fαβ = ∂αAβ−∂βAα. It is neces-
sary to calculate the covariant components of the four-
potential to the required PN order. One can easily build
these components from the PN metric. In this case, the
contravariant components of the four-potential Aα are
given by
Ai ≃ Ai + 2U
c2
Ai +O(c−4) (49)
A0 ≃ −φ
c
+
1
c3
(
2Uφ− 4UjAj
)
+O(c−5) (50)
4 In this system, the components of the Ricci tensor are similar
to the perfect-fluid ones presented in chapter 8 in Poisson & Will
(2014). The only difference is that Ψ is replaced with ΨM.
Now, by inserting equation (49) into the definition of
Fij , and then comparing it with relation (29), we finally
find
B
∗ = ∇×A+ 2
c2
{
U∇×A+∇U ×A
}
+O(c−4) (51)
as the definition of the magnetic field in terms of the vec-
tor potential containing PN corrections. One can verify
that this effective magnetic field is divergence free. It is
also instructive to introduce a rescaled vector potential
A∗ in order to abbreviate equation (51). So we have
B∗ = ∇×A∗ in which A∗ = (1 + 2U
c2
)
A.
Substituting equations (49) and (50) into the defini-
tion of the time-space component of Fαβ , and compar-
ing the result with equation (28), we obtain
E = −∂A
∗
∂t
−∇φ∗ − 4
c2
{
(U · ∇)A∗ + (A∗ · ∇)U
+A∗ × (∇×U)
}
+O(c−4) (52)
where φ∗ = φ
(
1− 2U
c2
)
. Equation (52) expresses the
electric field in terms of A∗, φ∗, and U in PN gravity.
As a final remark in this subsection, we examine
the charge conservation mathematically expressed by
∇αJαe = 0, in PN gravity. One can easily rewrite the
charge conservation equation as ∂α (
√−gJαe ) = 0. After
applying the definition of Γαβα and substituting ρ
∗
e and
J
∗
e , this equation becomes
∂ρ∗e
∂t
+∇ · J∗e = 0 (53)
Equation (53) is the conservation statement of charge in
PN theory.
3.3. Post-Newtonian Euler’s equation
One of the main equations to describe a fluid is the
Euler or momentum equation. This equation simply re-
lates the acceleration of a fluid element due to the un-
derlying forces in the system. In our MHD system in
the PN limit, we deal with the fluid and magnetic pres-
sures as well as the electromagnetic and gravitational
forces. Using the Euler equation we can directly mea-
sure the fluid element’s response to these forces in PN
framework. Therefore, let us study the relativistic gen-
eralization of the force equation to 1PN order. As in the
standard case, we focus on the conservation equation of
the energy-momentum, i.e., ∇µT νµ = 0, and then by us-
ing this equation, we proceed to extract the PN version
of the Euler equation.
The conservation relation ∇µT νµ = 0 can be written
as
∂β
(√−gTαβ)+ Γαβγ (√−gT βγ) = 0 (54)
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Before moving on to derive Euler’s equation, let us
find dΠ/dt from the time component of equation (54).
In fact, we need dΠ/dt to order c−1 in the calcula-
tions. We construct dΠ/dt by substituting the Christof-
fel symbols and equations (30)-(32) into the time com-
ponent of equation (54). By applying both the stan-
dard Euler equation of the MHD fluid and the stan-
dard Faraday equation as well as the vector identity
∇ · (a× b) = b · (∇× a)− a · (∇× b), we arrive at
ρ∗
dΠ
dt
=
p
ρ∗
dρ∗
dt
− v ·
( 1
µ0
(∇×B)×B + ρ∗eE
)
+
1
µ0
(∇×B) ·E + O(c−2) (55)
This is the first law of thermodynamics for a charged
fluid in the presence of the electromagnetic fields in New-
tonian gravity.
Now, in order to find the PN version of Euler’s equa-
tion, we set α = j and use the Christoffel symbols, the
components of the energy-momentum tensor, and the
continuity equation. Then, we insert equations (36),
(39), (41), (45), and (55) into the result. After applying
the definition of B∗ 5 and expanding the solution up to
O(c−2), we finally obtain
ρ∗
dv
dt
= ρ∗∇U −∇p+ ρ∗eE + J∗e ×B∗ +
1
c2
{(v2
2
+ U
+Π+
p
ρ∗
)∇p− v∂p
∂t
+ ρ∗
[ (
v2 − 4U)∇U
−4v × (∇×U) + 4∂U
∂t
− v(3∂U
∂t
+ 4v · ∇U)
+∇ΨM
]
− (J∗e ·E)v − (ρ∗eE + J∗e ×B∗)
(v2
2
+3U +Π+
p
ρ∗
)}
+O(c−4) (56)
This is the relativistic generalization of Euler’s equation
of the MHD fluid to order c−2. If we ignore the electric
and magnetic fields in the above equation, we recover the
PN Euler equation of the perfect fluid which is first in-
troduced in Chandrasekhar (1965). On the other hand,
by discarding the PN corrections, its standard form for
the MHD fluid is obtained.6
Note that in this section, we have derived the PN ver-
sion of the MHD equations in the harmonic gauge. As
mentioned before, these equations are directly obtained
5 To derive the shorter form of this relation, we do not make use
of E∗. Furthermore, in the following section, we will show that
the electric force is of order c−2. Consequently using E instead
of E∗ makes no difference in the final result.
6 It is necessary to mention that the electric force is of order
c−2, and consequently it should be neglected in the concept of the
classical MHD regime.
in the standard PN gauge in Greenberg (1971). There-
fore, to compare our result with Greenberg’s equations,
we have to rewrite these MHD equations in the stan-
dard gauge of PN theory. In Appendix A, we introduce
the relevant coordinate transformations (A1) and the
transformed quantities (A2)-(A5), and then by applying
them, we obtain the MHD equations under the standard
PN gauge. As one may see in the Appendix A, there are
some minor differences between our equations and those
presented in Greenberg (1971).
It is instructive to recall that, as clarified in subsection
2.4, the gravitational effects of the electromagnetic field
appear in ∇ΨM at 1PN order. According to this fact,
the other terms in equation (56) which depend on the
electric and magnetic fields, are the relativistic contribu-
tions to the electromagnetic interaction in the system.
In order to write these terms in a compact form, let us
define a PN electromagnetic force per unit volume, F ∗EM,
as F ∗EM = F
∗ + Fp in which
F
∗=
(
ρ∗eE + J
∗
e ×B∗
)(
1− 1
c2
[v2
2
+ 3U +Π
+
p
ρ∗
])
+O(c−4) (57)
is the PN version of the Lorentz force per unit volume,
whose magnitude is clearly weaker than the standard
one, and
Fp = − 1
c2
(J∗e ·E)v (58)
is the PN force created by the electromagnetic energy
density J∗e ·E (Chiuderi & Velli 2016). In fact, this force
expresses that in addition to the Lorentz force, there is
an extra rate of momentum transfer from the electro-
magnetic fields to the fluid element at 1PN order. So, as
mentioned above, F ∗EM shows that the PN electromag-
netic fields exert such PN electromagnetic force on the
PN charged fluid elements. Moreover, equation (56) re-
veals that in addition to the well-known PN forces which
have been derived separately for the neutral perfect fluid
in Chandrasekhar (1965) and Poisson & Will (2014), a
charged particle moves under the influence of both PN
electromagnetic forces and PN gravitational force of the
electromagnetic fields in this case.
4. THE PLASMA EQUATIONS IN
POST-NEWTONIAN GRAVITY
In this section, we assume that the plasma is a colli-
sional one-fluid system in which the hydrodynamic equi-
librium is established locally. Furthermore, to have the
simplest description of the PN plasma, we apply the PN
version of the MHD equations derived in the previous
section. In other words, we attempt to study a weakly
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gravitating plasma obeying the first PN approximation,
in the MHD regime.
Before moving on to derive the PN plasma equa-
tions, let us count the number of equations and fluid
variables that characterize the MHD fluid in PN limit.
The equations governing a self-gravitating MHD fluid
are given by equations (33), (39), (45), (53), (55), and
(56) and the PN Poisson equations of U , U , X7, and
ψM, i.e., equation (24). Therefore, we have eighteen
differential equations for twenty-two unknown variables
ρ∗,v, p,Π,E,B∗,J∗e , ρ
∗
e , U,U , ψM, X . It is clear that to
have a complete set of equations, we need four extra
equations. To do so, it is common to take into account
Ohm’s law and the equation of state relating pressure p
to mass density ρ∗. In this case, by developing the PN
version of this law and choosing an equation of state, we
arrive at a complete set of governing equations which, in
principle, are enough to investigate a weakly gravitating
plasma. In the following subsection, we shall, therefore,
introduce the relativistic generalization of Ohm’s law to
1PN order.
4.1. Post-Newtonian Ohm’s law
In order to obtain the PN version of Ohm’s law, as we
did for other laws, we start with the covariant form of
this law, and then keep the 1PN corrections. Therefore,
let us first mention the covariant form of Ohm’s law
(Jackson 2007) given as follows
Jµe = σF
µνuν − 1
c2
(Jνe uν)u
µ (59)
where σ is the conductivity of the fluid and is related to
the resistivity of the fluid, i.e., η, as η = 1/σ. It should
be noted that here, σ is a scalar. As mentioned before,
our aim is to study the quasi-neutral fluid (plasma) in
PN gravity. So, taking into account this approximation
where the fluid element is neutral in its comoving frame,
we rewrite equation (59) as the following relation
Jµe = σF
µνuν (60)
in which the Lorentz invariant Jνe uν is zero. Now we
set µ = i and use the PN expansion of Fµν and uν to
obtain the following expression
ηJ∗e =E + v ×B∗ +
1
c2
{
(E + v ×B∗) (v2
2
+ U
)
−4U ×B∗
}
+O(c−4) (61)
where we have used the definitions ofB∗ and J∗e and ex-
panded the solution up to order c−2. As expected grav-
itational potentials appear in the PN version of Ohm’s
7 i.e., equations (7.38), (7.39), and (7.76) in Poisson & Will
(2014), respectively.
law. Equation (61) provides three equations. So, these
relations with an equation of state are sufficient to com-
plete the previously mentioned set of the equations. It
is also instructive to investigate the time component of
equation (60). Setting µ = 0, applying the same method
as before, and using the definition (42) for ρ∗e , we obtain
ρ∗e =
σ
c2
E · v +O(c−4) (62)
This is the rescaled charge density in terms of the electric
field and fluid velocity in the laboratory frame. This
relation reveals that although we assumed local quasi-
neutrality, which implies that the fluid element is neutral
in the rest frame, it possesses an electric charge in the
laboratory frame even in the first PN limit.
4.2. Post-Newtonian Plasma
By introducing the PN version of Ohm’s law, we are
now in the position to complete the description of the
PN plasma. As the first step, let us eliminate the electric
field from the (PN) MHD equations. To do so, we find
E from equation (61), and after taking the curl of the
result, we arrive at
∇×E= η∇× J∗e −∇× (v ×B∗)−
1
c2
{
ηJ∗e ×
(∇U + 1
2
∇v2)+ η∇× J∗e (U + v22 ) (63)
−4∇× (U ×B∗)
}
+O(c−4)
Here, our next task is to remove J∗e from equation (63).
To do so, we derive J∗e from equation (45)
J
∗
e =
1
µ0
∇×B∗ − 1
µ0c2
{
2U∇×B∗ + ∂
∂t
( η
µ0
∇×B∗
−v ×B∗)+ 2∇U ×B∗}+O(c−4) (64)
in which we use the standard form of Ohm’s law, i.e.,
E = η J∗e − v ×B∗, to eliminate the electric field. Us-
ing equation (64), we replace J∗e and also ∇ × J∗e into
equation (63). By inserting the result into relation (39),
we finally arrive at
∂B∗
∂t
=
η
µ0
∇2B∗ +∇× (v ×B∗)− η
µ0c2
{
∇2B∗(3U
+
v2
2
)− 2∇× (∇U ×B∗)− (∇×B∗)× (3∇U
+
1
2
∇v2)+ ∂
∂t
( η
µ0
∇2B∗ +∇× (v ×B∗))}
+O(c−4) (65)
as the magnetic induction equation with resistivity in
PN gravity. And this equation is clearly reduced to
∂B∗
∂t
= ∇× (v ×B∗) +O(c−4) (66)
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after ignoring the resistivity. This is the magnetic in-
duction equation of ideal plasma in the first PN limit.
Now, we turn to the PN Euler equation and E in
this equation. It is important to keep in mind that
ρ∗e is of order c
−2 when the fluid is quasi-neutral. So,
in this case, we can rewrite the electric force as FE =
(J∗e · v)E/c2, after applying equation (62) and making
use of the standard Ohm law. This equation implic-
itly expresses that the electric force can be completely
ignored in the standard MHD equations in the Newto-
nian limit. By adding equations (58) to FE, we obtain
Fp + FE = J
∗
e × (E × v) /c2, and then by substituting
this relation within (56), and again using the standard
form of Ohm’s law, we remove all electric fields from the
PN Euler equation. So, equation (56) becomes
ρ∗
dv
dt
= ρ∗∇U −∇p+ J∗e ×B∗ +
1
c2
{(v2
2
+ U +Π
+
p
ρ∗
)∇p− v∂p
∂t
+ ρ∗
[ (
v2 − 4U)∇U − v(3∂U
∂t
+4v · ∇U)+ 4∂U
∂t
− 4v × (∇×U) +∇ΨM
]
+J∗e ×
(
ηJ∗e × v − (v ×B∗)× v
)
(67)
−J∗e ×B∗
(v2
2
+ 3U +Π+
p
ρ∗
)}
+O(c−4)
Now let us rewrite the first law of thermodynamics
given by equation (55), and eliminate the electric field.
Because the electric force is of order c−2 in the quasi-
neutral fluid, this term has no role in equation (55).
Notice that in equation (55) we keep terms up to O(1).
Therefore, we have
ρ∗
dΠ
dt
=
p
ρ∗
dρ∗
dt
+ ηJ∗e
2 +O(c−2) (68)
after applying the standard form of Ampere’s and Ohm’s
laws.
As a final task in this section, let us gather the MHD
equations determining the behavior of PN plasma. As
we have so far shown, the basic MHD equations that
describe resistive plasma in the PN limit are equations
(33), (64), (65), (67), and (68). This set of equations,
together with the PN Poisson equations as well as the
equation of state gives the complete description of a self-
gravitating plasma in PN gravity. By taking η = 0, one
can easily obtain the equations for an ideal plasma.
5. SUMMARY AND DISCUSSION
In this paper, we have derived the MHD equations
in PN gravity. In Sec. 2, first, we briefly introduced
the modern approach to PN theory. We then applied
the modern PN procedure to obtain the spacetime met-
ric of a charged system in the harmonic gauge. We
have assumed that the fluid part of our system is per-
fect. Finally, we constructed the PN metric from the
PN gravitational potentials to 1PN approximation. We
have shown that in addition to the well-known PN po-
tentials, this metric is made up of the gravitomagnetic
potential B. More specifically, this potential appears
only in the time-time component of the metric. Fur-
thermore, we have also shown that through the mod-
ern approach, there is no ambiguity in the definition of
this new gravitational potential built from non-compact
source.
In Sec. 3, we have demonstrated in detail how we
can extract the PN version of the MHD equations by
using the PN metric. In fact, we have found the rel-
ativistic corrections to the MHD equations to the re-
quired order c−2 in PN gravity. To do so, as a first step,
we have obtained the components of the total energy-
momentum tensor constructed from the field and fluid
contributions. Then we have introduced the PN mass
conservation equation, the PN Maxwell equations, and
the energy conservation equation. Note that, just for the
sake of completeness, we have also explored the PN ver-
sion of the electromagnetic wave equations in the Lorenz
gauge. Finally, using these relations, we have simplified
the spatial component of∇µT νµ = 0 and derived the rel-
ativistic generalization of Euler’s equation of the MHD
fluid to O(c−2) in the PN approximation.
Also, we have recovered the MHD equations in the
standard gauge of PN theory and then compared them
with Greenberg’s equations in Appendix A. To do so, we
have briefly introduced the standard PN gauge transfor-
mation and the corresponding transformed potentials,
electromagnetic fields, and other quantities; and then
by utilizing them, we have found these equations in the
standard gauge.
Moreover, we have defined two rescaled electric and
magnetic fields, E∗ and B∗ respectively, to keep the
traditional form of the divergence equations for these
fields. We have also expressed that the gravitational ef-
fects of the electromagnetic field appear in ∇ΨM term
and the electromagnetic interaction is included in F ∗EM
term. Indeed, we have introduced the PN electromag-
netic force per unit volume containing the PN version of
the Lorentz force and the PN force created by the elec-
tromagnetic energy density J∗e ·E. The MHD equations
include the standard parts and some PN corrections. As
expected, by ignoring the electromagnetic effects, these
equations recover the governing equations of a neutral
perfect fluid in the PN limit.
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In order to make practical use of the MHD equations,
we have studied the main equations determining the be-
havior of PN plasma in Sec. 4. Similar to the standard
case, we have shown that it is necessary to introduce the
PN version of Ohm’s law for completing the required
set of equations. By applying this useful equation, we
have eliminated the electric field and charge density ρ∗e
from the (PN) MHD equations. Indeed, we have re-
duced the number of unknown variables to eighteen. So
we have had eighteen differential equations, by consider-
ing an equation of state, for eighteen unknown variables
ρ∗,v, p,Π,B∗,J∗e , U,U , ψM, X . Using the PN Ohm law,
we have also shown that the fluid element which is neu-
tral in the rest frame possesses electric charge in the lab-
oratory frame in the first PN limit. Eventually, we have
obtained the governing equations which can completely
describe the resistive self-gravitating plasma in PN grav-
ity. In fact, we have gathered the minimum number of
equations by which we can completely describe the PN
plasma in the MHD regime.
We should also mention that our analysis in this paper
can be used as a first required step for higher-order PN
derivations. In fact, to resolve some ambiguities in the
foundation of the PN version of MHD equations already
studied in the classic approach, we have used the mod-
ern approach to derive the PN version of MHD equa-
tions. In this new method, the near-zone and wave-zone
solutions of the wave form of the Einstein field equa-
tions are explicitly decomposed, and the PN metric is
embedded in the near-zone. Therefore, all PN poten-
tials with non-compact sources which have the effective
contribution of order c−4 in the time-time component
of the PN metric are completely devoid of any ambigu-
ity. Moreover, one of the advantages of this method is
that the retarded solutions are illustrated explicitly. So,
especially in the higher orders of PN limit where these
solutions, i.e., wave-zone potentials, have an important
role, one can easily follow the footprint of the retarded
effects in PN metric even in the presence of electromag-
netic fields, for more detail, see subsection 2.3. To sum
up, we have reformulated the PN version of the MHD
equations presented in Greenberg (1971) by applying the
modern approach. This approach does not suffer from
ambiguities in the classic approach, and can be used for
future studies in the PN framework.
As we have already mentioned in the introduction sec-
tion, the magnetic field can be super strong in some rel-
ativistic astrophysical systems, e.g., magnetars, AGN,
GRBs, accretion disks, astrophysical jets and neutron
stars. The magnetic field plays essential role in the dy-
namics of that systems. For example one of the main
explanations for the formation and powering of astro-
physical jets is the existence of strong magnetic fields
(Blandford & Znajek 1977). In these relativistic sys-
tems the nonlinear nature of general relativity combined
with the complexities induced by the electromagnetic
fields, prevent analytic descriptions. However, a use-
ful first step toward the semi-analytic treatment of such
systems can be achieved in the context of the PN MHD.
So, we consider that the equations presented in this pa-
per, as a first step, that would be helpful to study such
relativistic systems.
Furthermore, the post-Newtonian MHD equations de-
rived in this paper are useful to study linear insta-
bilities of the relativistic fluid plasma environments.
As another example, we mention the gravitational col-
lapse in the presence of magnetic fields. This case
has been widely investigated in the Newtonian regime,
for example see Nakano (1998); Strittmatter (1966);
Nakano & Nakamura (1978); Pudritz (1985). Within
the post-Newtonian MHD, it would be also interesting
to investigate relativist corrections to themagneto-Jeans
instability (Elmegreen 1987).
Ultimately, we have introduced the first step to study
these systems in a semi-analytic way. Of course, it is
necessary to investigate higher order corrections, and
especially the propagation of gravitational waves in
these highly magnetized systems. In Nazari et al. (2017)
and Kazemi et al. (2018), we have used the first PN
approximation to study the local gravitational stabil-
ity of non-rotating and rotating neutral fluids, respec-
tively. A similar analysis for MHD systems would be
useful to obtain a better understanding of the stabil-
ity issues in the highly magnetized relativistic systems
(Nazari & Roshan 2018).
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APPENDIX
A. POST-NEWTONIAN MAGNETOHYDRODYNAMICS IN THE STANDARD GAUGE
Here, we first introduce the standard gauge transformation of PN theory and then derive the PN version of MHD
equations in this coordinate system, i.e., (t¯, x¯j). Finally, we compare these relations with the corresponding equations
in Greenberg (1971), hereafter PG.
The following choice of coordinate transformation defines the standard gauge of PN theory (Poisson & Will 2014)
t = t¯+
1
2c4
∂t¯X +O(c
−6) , xj = x¯j +O(c−4) (A1)
Under this transformation, the 1PN ordering of the metric is unchanged8 and the form of the PN metric does not
change. Moreover, under this type of transformation, the PN gravitational potentials transform as follows
U¯ = U , U¯ j = U j +
1
8
∂t¯ j¯X , Ψ¯M = ΨM −
1
2
∂t¯ t¯X (A2)
where the “bar” potentials are transformed potentials in the new coordinate system; and the old potentials are written
in terms of t¯ and x¯j . One can show that under the transformation (A1), the electric and magnetic fields change
according to
E¯ = E +
1
2c2
∂
∂t¯
∇¯X ×B +O(c−4) (A3)
B¯ = B +O(c−4) (A4)
where E = E(t¯, x¯) and B = B(t¯, x¯); and the other quantities, e.g., ρ∗, p, and so on, do not change to the required
PN order. In fact, these quantities transform as
Q¯(t¯, x¯j) ≃ Q(t, xj) ≃ Q(t¯, x¯j) +O(c−4) (A5)
Now, by utilizing the coordinate transformation (A1), the corresponding transformed potentials (A2), and the other
transformed quantities (A3)-(A5), we find the PN version of MHD equations in the standard gauge. In the following,
we gather these equations
dρ∗
dt¯
= −ρ∗∇¯ · v (A6)
ρ∗
dΠ
dt¯
=
p
ρ∗
dρ∗
dt¯
+ ηJ∗e
2 +O(c−2) (A7)
ρ∗
dv
dt¯
= ρ∗∇¯U − ∇¯p+ J∗e ×B∗ +
1
c2
{(1
2
v2 + U +Π+
p
ρ∗
)∇¯p− v∂p
∂t¯
+ ρ∗
[ (
v2 − 4U) ∇¯U
−v
(
3
∂U
∂t¯
+ 4v · ∇¯U
)
+ 4
∂U
∂t¯
− 4v × (∇¯ ×U)+ ∇¯ΨM]− (J∗e ·E)v − (J∗e ×B∗)(12v2 + 3U
+Π+
p
ρ∗
)
+ σE
(
E · v
)}
+O(c−4) (A8)
∇¯ ·E = ρ
∗
e
ǫ0
− 2
c2
{ρ∗e
ǫ0
U + ∇¯U ·E + 1
4
∇¯ ·
( ∂
∂t¯
∇¯X ×B
∗
)}
+O(c−4) (A9)
∇¯ ·B∗ = 0 (A10)
∇¯ ×E = −∂B
∗
∂t¯
+
4
c2
{
∇¯ × (U ×B∗)}+O(c−4) (A11)
∇¯ ×B∗ = µ0J∗e +
1
c2
{∂E
∂t¯
+ 2µ0UJ
∗
e + 2∇¯U ×B∗
}
+O(c−4) (A12)
8 Namely, O(c−4), O(c−2) and O(1) of the time-time component, O(c−3) of the time-space component, and O(c−2) and O(1) of the
space-space component of the PN metric are preserved.
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in which ∇¯ is the gradient operator in the coordinates x¯j and all the quantities are written in terms of t¯ and x¯j . By
comparing with equations (33), (38), (39), (41), (45), (55), and (56)9, we see that except one of the Maxwell equations,
i.e., equation (A9), the rest of the above relations are invariant under this gauge transformation.
As we have pointed out in the introduction section, the PN version of MHD equations has been obtained under the
standard gauge of PN theory in PG. Here, as mentioned above, we recover these equations by utilizing the modern
approach of PN theory and then applying the standard gauge transformation.
In order to compare this set of equations with those presented in PG, we attempt to rewrite equations of PG in
terms of our notation. It should be noted that the definition of the electric and magnetic fields are different in two
methods. Here, let us express the fields presented in PG as EG and BG. Now, we introduce the relationship between
these fields and those introduced in our notation. Comparing equation (25) in PG with the corresponding equations,
i.e., equations (28) and (29) written in the new coordinate system, in our method, we arrive at
EG = E − 4
c2
(U ×B∗) (A13)
BG = B
∗ (A14)
in which we utilize equations (A2)-(A4) and the definition of B∗.
Similarly, we can rewrite the Maxwell eqautions introduced in PG in terms of our notation. To do so, let us start
from quation (56) in PG, i.e., relations ∇¯×EG = −∂BG/∂t¯ and ∇¯ ·BG = 0. These relations take the following form
∇¯ ×E = −∂B
∗
∂t¯
+
4
c2
∇¯ × (U ×B∗) (A15)
and
∇¯ ·B∗ = 0 (A16)
respectively, after inserting definitions (A13) and (A14). Furthermore, by substituting Ohm’s law, equation (53) in
PG, and rewriting in SI units, one can show that equations (58) and (60) in PG can be expressed as
∇¯ ·
{
EG +
1
c2
[
2UEG +
(
4U − 1
2
∇¯XG
)×BG]} = ρe
ǫ0
(
1 +
2U
c2
)
(A17)
and
∇¯ ×
[(
1− 2U
c2
)
BG
]
− 1
c2
∂EG
∂t¯
= µ0Je
(
1 +
2U
c2
)
(A18)
respectively, where ∇¯XG = −∇¯X . Applying the definition of EG, BG, ρ∗e , and J∗e and simplifying the results, we
finally obtain
∇¯ ·E = ρ
∗
e
ǫ0
− 2
c2
{ 1
ǫ0
ρ∗eU + ∇¯U ·E +
1
4
∇¯ · ( ∂
∂t¯
∇¯X ×B∗)} (A19)
and
∇¯ ×B∗ = µ0J∗e +
1
c2
{∂E
∂t¯
+ 2µ0UJ
∗
e + 2∇¯U ×B∗
}
(A20)
for equations (A17) and (A18) in terms of our notation. As seen, equations (A15), (A16), (A19), and (A20) are equal
to the corresponding relations extracted from our calculation in the standard gauge of PN theory.
Here, we turn to the equation of energy conservation introduced in PG, i.e., equation (41). One can immediately
realize that this relation can be exhibited as
ρ∗
dΠ
dt¯
=
p
ρ∗
dρ∗
dt¯
+ ηJ∗e
2 +O(c−2) (A21)
9 Hint: To have a better comparison, definitions (61) and (62) should be inserted into the last two equations.
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after using equation (A20) and the definition of ρ∗ and J∗e and then applying the first law of thermodynamics, namely
dΠ+ p d
( 1
ρ∗
)
= T0dS
where T0 is the local temperature and S is the entropy density of fluid. We see that the rewritten form of equation
(41) in PG, i.e., equation (A21), is equivalent to equation (A7).
As a final task in this appendix, we obtain the Euler equation in PG in terms of our notation. To do so, we first
rewrite the PN version of the Euler equation in PG, equation (69), and then by applying the Maxwell equations, we
try to simplify the result. Finally, we compare it with the corresponding relation obtained in the standard gauge.
It is important to bear in mind that all of the gravitational potentials in PG, e.g., U , U , Φ, and so on, are considered
as a function of ρ. In fact, to have a better comparison, it is necessary to rewrite these gravitational potentials in
terms of ρ∗. So, with keeping this fact in mind, one can show that equation (69) reduces to
ρ∗
[
1 +
1
c2
(1
2
v2 + U +Π+
p
ρ∗
)]dv
dt¯
+ ∇¯p− ρ∗
[
1 +
1
c2
(3
2
v2 − 3U +Π+ p
ρ∗
)]∇¯U − 4ρ∗
c2
(∂U
∂t¯
− v × (∇¯ ×U))
−ρ
∗
c2
∇¯ΨM + v
c2
[∂p
∂t¯
+ v · ∇¯p+ ρ∗v · dv
dt¯
+ 3ρ∗
∂U
∂t¯
+ 3ρ∗v · ∇¯U
]
− 1
µ0
(
1− 6U
c2
)(∇¯ ×BG)×BG
+
1
µ0c2
v
[
(EG + v ×BG) · (∇¯ ×BG)
]− EG
µ0c2
∇¯ ·EG + 1
µ0c2
∂
∂t¯
(
EG ×BG
)− 1
µ0c2
(∇¯ ×EG)×EG
+
2
µ0c2
(∇¯U ×BG)×BG = 0
after utilizing the definition of ρ∗ and some manipulations. We recall that all of the gravitational potentials are written
in terms of ρ∗ in the above equation. Using the Newtonian Euler equation along with equations (A17)-(A18), and
applying the simple vector identity a · (b× c) = −b · (a× c), we obtain
ρ∗
dv
dt¯
= ρ∗∇¯U − ∇¯p+ ρ∗eEG + J∗e ×BG +
1
c2
{(1
2
v2 + U +Π+
p
ρ∗
)∇¯p− v∂p
∂t¯
+ ρ∗
[ (
v2 − 4U) ∇¯U
−v
(
3
∂U
∂t¯
+ 4v · ∇¯U
)
+ 4
∂U
∂t¯
− 4v × (∇¯ ×U)+ ∇¯ΨM]− (J∗e ·EG)v − (J∗e ×BG)(12v2 + 5U
+Π+
p
ρ∗
)
− 2Uρ∗eEG
}
+O(c−4)
in which we keep terms up to order c−2. Finally, by inserting definitions (A13), (A14), and (62), and expanding the
result up to 1PN order, we arrive at
ρ∗
dv
dt¯
= ρ∗∇¯U − ∇¯p+ J∗e ×B∗ +
1
c2
{(1
2
v2 + U +Π+
p
ρ∗
)∇¯p− v∂p
∂t¯
+ ρ∗
[ (
v2 − 4U) ∇¯U
−v
(
3
∂U
∂t¯
+ 4v · ∇¯U
)
+ 4
∂U
∂t¯
− 4v × (∇¯ ×U)+ ∇¯ΨM]− (J∗e ·E)v − (J∗e ×B∗)(12v2 + 5U (A22)
+Π +
p
ρ∗
)
+ σE
(
E · v)}+O(c−4)
This equation is similar to equation (A8) with a minor difference in the numerical coefficient of term U
c2
J∗e ×B∗.
As seen, in PG, the numerical coefficient of this term is 5 while, in our derivation, the numerical coefficient of the
corresponding term is 3. Therefore, after a careful comparison, we could not confirm equation (69) in PG.
